COMMUTATOR ESTIMATES IN ^-FACTORS 



A. F. BER AND F. A. SUKOCHEV 

Abstract. Let M be a IF*-factor and let S (M) be the space of 
all measurable operators affiliated with M.. It is shown that for 
any self-adjoint element a 6 S(A4) there exists a scalar Ao G K, 
such that for all e > 0, there exists a unitary element u e from .M, 
satisfying |[a,w e ]| > (1 — e)\a — Aq1|- A corollary of this result is 
that for any derivation 8 on .A/f with the range in an ideal KM, 
the derivation 5 is inner, that is S(-) = S a (-) = [a,-], and a E I. 
Similar results are also obtained for inner derivations on S(M). 



1. Introduction 

Let Ai be a W^*-algebra and Af its jy*-subalgebra, let / be an ideal 
in Ai and let 5 be a derivation on Af with the range in an ideal /. The 
problem studied in [HI [TTJ, [13| can be stated as follows: What are the 
conditions on Ai, Af and I which guarantee that S(-) = S a (-) := [a, 
where a G I? In the present article, we show that the answer is affir- 
mative when Af = Ai is an arbitrary iy*-factor and / is an arbitrary 
ideal in Ai (see Corollaries |8][T0]) . Our methods are completely differ- 
ent from the methods employed in [HI [TTJ, [13] and are strong enough 
to enable us (see Corollaries [lTfTB"]) to also treat an analogous ques- 
tion in a much more general setting of the theory of non-commutative 
integration on von Neumann algebras, initiated by I.E. Segal [15] (for 
alternative approach to this theory, see E. Nelson's paper [12] )• All 
necessary definitions will be given in the next section. 

Recall that the classical algebras of measurable operators associated 
with a von Neumann algebra Ai and/or with a pair (Ai, r) consisting 
of a semi-finite von Neumann algebra Ai and a faithful normal semi- 
finite trace r are the following: 

(i) the space of all measurable operators S (Ai) [15] ; 

(ii) the space S (Ai,r) of all r-measurable operators [12 J . 
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It should be noted that we always have S (Ai, r) C S (Ai), but in the 
important case when Ai is a semi-finite factor (respectively, of type / 
or III), we have S (Ai) = S (Ai, r) (respectively, S (Ai, r) = Ai). 
Our main result in this paper is the following theorem. 

Theorem 1. Let M be a W* -factor and let a = a* G S(Ai). 

(i). If Ai is a finite factor or else a purely infinite o-finite factor, 
then there exists Ao G 1R and Uq = Uq G U(Ai), such that 

(1) | [a, M ] | = u l\ a ~ Ao1|m + \a - A 1|, 

where U(Ai) is a group of all unitary operators in Ai; 
(ii). There exists Ao G M., so that for any e > there exists u £ = 
u* G U(Ai) such that 

(2) \[a,u E ]\ > (l-e)|a-A l|. 

// Ai is an infinite semi-finite o-finite factor, then the result stated 
in (ii) above is sharp. More precisely, in this case there exists < 
a G S(A4) such that for all A G C and all u G U(M) the inequality 
| [a, it] | > \a — Al| fails. 

2. Preliminaries 

For details on von Neumann algebra theory, the reader is referred 
to e.g. [1], j9], |14] or [T7]. General facts concerning measurable op- 
erators may be found in [12], [15] (see also [T8| Chapter IX]). For the 
convenience of the reader, some of the basic definitions are recalled. 

Let Ai be a von Neumann algebra on a Hilbert space H equipped 
with a semi-finite normal faithful trace r. The set of all self-adjoint pro- 
jections (respectively, all unitary elements) in Ai is denoted by P (Ai) 
(respectively, U {Ai)). The algebra B(H) of all bounded linear opera- 
tors on H is equipped with its standard trace Tr. The commutant of 
a set D C B(H) is denoted by D' . We use the notation s(x), l(x),r(x) 
to denote the support, left support, right support respectively of an 
element x E Ai. 

Let p, q G P (Ai). The projections p and q are said to be equivalent, 
if there exists a partial isometry v G Ai, such that v*v = p, vv* = q. 
In this case, we write p ~ q. The fact that the projections p and q 
are not equivalent is recorded as p oo q. If there exists a projection 
qi G P (Ai) such that q\ < p, q\ ~ q, then we write q ^ p. If q ^ p 
and p ^° q, then we employ the notation q ~< p. 

A linear operator x : D (x) —> H, where the domain D (x) of x is a 
linear subspace of H, is said to be affiliated with .M if C xy for all 
y G .M' (which is denoted by xr]Ai). A linear operator x : 5) (x) — > H 
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is termed measurable with respect to Ai if x is closed, densely defined, 
affiliated with Ai and there exists a sequence {p n }^ = i in P (<M) such 
that p n t 1, p n {H) C 2) (x) and is a finite projection (with respect 
to Ai) for all n. It should be noted that the condition p n (H) C 2) (a;) 
implies that xp n G AL The collection of all measurable operators with 
respect to Ai is denoted by S (Ai), which is a unital *-algebra with 
respect to strong sums and products (denoted simply by x + y and xy 
for all x,y e S (M)). 

Let a be a self-adjoint operator affiliated with Ai. We denote its 
spectral measure by {e a }. It is known if x is a closed operator in H 
with the polar decomposition x = u\x\ and xrjAi, then u e Ai and 
e G for all projections e G {e' x '}. Moreover, x G S'(.M) if and only 
if x is closed, densely defined, affiliated with Ai and el x '(A, oo) is a 
finite projection for some A > 0. It follows immediately that in the 
case when Ai is a von Neumann algebra of type III or a type I factor, 
we have S(Ai) = Ai. For type II von Neumann algebras, this is no 
longer true. 

An operator x G S (Ai) is called r-measurable if there exists a se- 
quence {Pnj^Li in P {Ai) such that p n t 1, p n (H) C D (x) and 
r 0°n ) < 00 f° r a ^ n - The collection £ (r) of all r-measurable op- 
erators is a unital *-subalgebra of S (Ai) denoted by S(Ai,r). It is 
well known that a linear operator x belongs to S (Ai, r) if and only if 
x G S(Ai) and there exists A > such that r(e' a: '(A, oo)) < oo. 

In this paper, we shall frequently assume that is a factor. If Ai 
is a semi-finite factor with the trace r, then the notions of r-finite and 
(algebraically) finite projections coincide. An immediate corollary of 
this observation is that, the algebras S(Ai) and S(Ai,r) coincide in 
this setting. 

3. The proof of Theorem Q] 

For better readability, we break the theorem's proof into the follow- 
ing series of lemmas. 

Lemma 2. Let p,q,r G P(Ai), p < q, p -< r -< q. Then there exists 
ri G P(At), such that r\ ~ r and p < n < q. 

Proof. There exists p\ G P(Ai), such that p ~ p\ < r. Assume that 
r — pi y q — p. Then r = (r — p±) + p\ >z (q — p) + p = q, which 
contradicts our assumption. Therefore r — pi -< q — p. Hence, there 
exists p 2 G P(Ai), such that r — pi ~ p 2 < q — p. Then p < p + p 2 < q 
and p + p 2 ~ Pi + (r — pi) = r. Setting r\ = p + p 2 completes the 
proof. □ 
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Lemma 3. Let p be an infinite projection in Ai. Then: 

(i). If P(M) 3 qi, ...,q n , ... r< P, q n q m = for all n ^ m, then 

\C=1 <?n Z< P. 

(ii). IfP(M) 3 q x , q n -< p, q^qj = for alii ^ j, then V" = i qi -< P- 
(Hi). If p >z 1 — p, then p ~ 1. 

(u>J. If P(Ai) 3 q -< p, qp = pq, then p(l — q) ~ p. 

Proof, (i). Since p is an infinite projection, there exist pairwise disjoint 
projections pi, ...,p n , ■■■ G P(Ai), such that p = \J^ =1 p n , Pn ~ P for all 
neN. Then p n b <?n for all n6N. Hence p = \J™ =l p n h V^Li 

(ii) . Since Ai is a factor, every projection is comparable to every 
other projection. Thus reordering if necessary, we may assume that 
qi d <?2 d± ■■■ qn- If qn is a finite projection, then VILi 9* * s a finhe 
and \/r=i % -< P- If <?n is infinite, then by (i), N/iLi Qi di q n ^ p. 

(iii) . Since l=p+(l — p), it follows from (i) that 1 ^ p. 

(iv) . We have p = qp + (1 — q)p, qp < q ~< p. If it were true 
that (1 — g)p -< p, then by (ii) we have p ~< p, which is false. Thus 
(1 — q)p = 1 — pq y p and certainly (1 — q)p -< p. The result follows 
immediately. □ 

In the special case when Ai is semifinite and a is positive, it may 
be of interest to compare the result given below with P, Theorem 3.5] 
and [2] Lemma 4.1]. 

Lemma 4. Let a G Sh(Ai) and p, q G P(Ai), p >z q. Suppose that one 
of the following conditions holds: 

(i). q is finite and there exists a sequence of finite projections {p n } 

in Ai such that p n tP an d a Pn = Pn^ for all n G N; 
(ii). q is an infinite projection and ap = pa G Ai. 

Then there exists a projection q\ G P(Ai) such that qi ~ q, aq\ = q\a 
and such that q\ < p. 

Proof. Assume (i) holds. By the assumption Ai contains finite projec- 
tions and therefore Ai is a factor of type / or else of type //. Therefore 
Ai admits a faithful normal semifinite trace r. Let D be a commut- 
ing family given by the spectral measure {e a } and let A\ :— D' fl Ai. 
Since ap n = p n a for all n G N and p n t Pi we also have ap = pa. 
Therefore p G Ax- Then A := pA\p = A\p is a jy*-subalgebra in Ai 
with the unit p. Let e be an atom in A and let / G P(Ai) be such 
that f < e. Then for every t G {e a } we have tp = pt G P(A) and so 
*/ = t(p(ef)) = ((tp)e)f G {0, e}f = {0, ef} = {0, /}, that is tf = ft. 
Therefore / G P(A) and since e is an atom in A we conclude that 
/ = 0. Therefore e is also an atom in Ai. 
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In the set P(A) we select the subset M(g) = {r G P(A) : r(r) > 
r(g)}. If r(g) = r(p), then g x := p ~ g and the proof is finished. 
Therefore, we assume below that r(g) < r(p). Observing that p n E Ai, 
n > 1 and that r(g) < oo, r(p) > r(g), r(p n ) "| r G°); we see that there 
exists n > 1, such that r(jo n ) > r(g). This shows, in particular, that 
M(q) is a not empty. Let €. be a linearly ordered family in M(q). Then 
the mapping r|,r into the interval [r(g),r(p)] is injective and order 
preserving. Since the trace r is normal, we have r(/\ €) = /\ re€ r(r) > 
r{q). Therefore /\ £ G M(q). This shows that the set M(g) satisfies 
Zorn's lemma assumption and therefore it has a minimal element. Let 
r be a minimal element in M(g). If r(r ) = r(g), then we set gx := 
ro ~ g and the proof is finished. Suppose that r(ro) > r(g). Moreover, 
consider the set N(q) = {r G P{A) : r(r) < T(g), r < ro}. This 
set is not empty, in particular G N(q). Arguing as above, we see 
that N(q) has a maximal element r\. We claim that r(ri) < r(q). 
Indeed, if it is not so, then r(ri) = r(q) and r > T\ G M(q), which 
contradicts the assumption that r is minimal. Thus, r(ri) < t(tq), 
that is Tq — r\ > 0. Observe that r — ri is an atom in *4. Indeed, if there 
exists < / < 7*0 — ri, / G -P(v4), then either t(t*i) < r(ri + /) < r(g) 
(which contradicts the assumption that 7*1 is maximal), or else r(ro) > 
r ( r i + /) ^ r (0'); which contradicts the assumption that ro is minimal. 
Thus, ro — ri is an atom in A and hence, as we already observed above, 
it is also an atom in M.. On the other hand, it follows from Lemma 
[2] that there exists ri G P(Ai), such that ri ~ q, r± < ri < r$. In 
particular, < r 2 — ri < r — r l5 that is r — r x is a not an atom. We 
have arrived at the contradiction. Therefore, q\ = r ~ q. 

Assume (ii) holds. By the assumption there exists a projection q® G 
Ai, such that q® < p and q® ~ q. We set g" := l(a n q\) for all n > 0, 
gi := Vfclo^i- We claim that gi ~ g. Indeed, since gi > g° ~ g, we 
have gi >: g. On the other hand, we have g" ~ r(a n g°) < g° ~ g, which 
implies g" ^ g for all n > 0. Now, we shall show that in fact gi ^ g. 
Note that although q is an infinite projection we cannot simply refer 
to Lemma (3]^i) since the sequence {gi }fc>o does not necessarily consist 
of pairwise orthogonal elements. However, representing the projection 
gi as 



00 00 m m—1 00 m—1 m—1 

* = V s? = E( V ?f - V ^) + = Efe m v V 9? - V * + 

k=0 m=l k=0 k=0 m=l k=0 k=0 
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and noting that ~ q and 

m— 1 m— 1 m— 1 

Qi V V/ 9? - V ~ < - « A V 9?) ^ < ^ 9 

fc=0 fc=0 k=0 

we infer via Lemma [3](i) that gi ^ g. This completes the proof of the 
claim. 

Since ap = pa and q® < p, we have pa n q\ = a n pq1 = a n q®, and so 
Qi < P for all n > 0. Hence, gi < p. It remains to show that aq± = q±a. 
The subspace q\(H) coincides with the closure of linear span of the 
set Q := {a n q < l(H) : n > 0}. By the assumption the operator ap is 
bounded, and since qi < p, the operator aq\ is also bounded. Thus, for 
every vector £ G Q, the vector a£ = agi£ again belongs to Q. Again 
appealing to the fact that aqi is bounded, we infer q\aq\ = aq\. From 
this we conclude that aq\ = q±a. □ 

Lemma 5. Let Ai be an infinite factor and let e a (— oo,0] -< e a (0,+oo), 
e a (0, A] y e a (-oo, 0] and e a (0, A] y e a (A, +oo) for all A > 0. Then for 
all e > there exists u £ = u* e G U (M. ) , such that \ [a, u E ] \ > ( 1 — e) \ a \ . 

Proof. Certainly the result is trivial for e > 1 and so we restrict our- 
selves to the case of £ < 1. Our aim is to build a decreasing se- 
quence of positive scalars {A n }^L converging to zero and two sequences 
{Pn}^=Qi {<?n}^o °f pahwise orthogonal projections from Ai, which 
satisfy: 

(i) . p n q m = 0, ap n = p n a, aq n = q n a, p n ~ q n for all n, m > 0. 

(ii) . p n < e a (A„,+oo), q n < e a (— oo,eA n ] for all n > and q > 

e a (-oo,0]. 

(ill)- \ln=0Pn V \C=0<?n = 1 

Consider the three cases: 

(a). Suppose that the projection e a (— oo,0] and all the projections 
e a (A, +00) for all A > are finite. Then e a (0,A] is the supremum 
of an increasing sequence of finite projections {e a (A/n, A]} n >i for all 
A > 0. We claim that there exists A > such that e a (Ao,+oo) y 
e a (— oo,0]. Indeed, e a (0, +00) = V^Li e a (l/n, +00), where, by the 
assumption every projection e a (l/n, +00), n > 1 is finite. Therefore, 
if it were e a (l/n, +00) ^ e a (— 00, 0] for all n G N, we would have then 
e a (0, +00) ^ e a (— oo,0] (see e.g. (ITJ Chapter V, Lemma 2.2]), which 
is not the case. Thus, our claim holds and there exists r 6 M such 
that e a (— oo,0] ~ r < e a (Ao, +00). Now, we claim the existence of 
a converging to zero sequence {A n }^L of positive numbers such that 
e a (A n+ i, +00) y e a (A n , +00) for all n > 0. This claim is justified by the 
same argument as above: since e a (0, +00) is an infinite projection and 
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since e a (l/n, +00) "f e a (0, +00) for n — >■ 00, we see that for any finite 
projection gGM there exists n > 1, such that e a (l/n, +00) >- g (again 
by [TTf Chapter V, Lemma 2.2]). Indeed, if it were that e a (l/n, +00) ^ 
g, for all n > 1, we would then have to e a (0, +00) ^ g, which is false, 
since the projection e a (0, +00) is infinite, whereas the projection q is 
finite. 

(b) . Suppose that the projection e a (— 00, 0] is finite and there exists 
a number A > 0, such that e a (Ao, +00) is an infinite projection. Then 
there exists a projection r G M. such that e a (— 00, 0] ~ r < e a (Ao, +00). 
In addition, e a (Ao, +00) — r is an infinite projection. 

(c) . Suppose that the projection e a (— 00, 0] is infinite. Then there 
exists a scalar Ao > 0, such that e a (— 00, 0] -< e a (Ao, +00). Indeed if 
the opposite inequality were to hold for every A > 0, then Lemma [3] (i) 
would yield the estimate 

00 

e a (0, +00) = e a (l/(k + 1), 1/k] + e a (l, +00) ± e a (-oo, 0], 

k=l 

which contradicts the assumption e a (— 00, 0] -< e a (0,A] < e a (0,+oo) 
for any A > 0. Therefore there exists a projection r G M, such that 
e a (— 00, 0] ~ r < e a (Ao, +00) and e a (Ao, +00) — r is an infinite projec- 
tion. 

In all these cases, let us set po := e a (Ao, +00). Since, by the assump- 
tion, e a (0,£Ao] >~ e a (eAo,+oo) > e a (A ,+oo), we have e a (0,£A ] >- po, 
it follows from Lemma H^i) in the ) and from Lemma Hl^ii) in 

the cases (b) and (c) that there exists a projection G Ai, for which 
Po~ r ~ Qo < e a (0,eAo] and aq^ = q^a. Let us set q := e a (— 00, 0] + q$. 
Since r ~ e a (— 00, A) in all three cases, we have go ~ Po- 

Now, similar to the case (a), we shall show that in the cases of (b) 
and (c) there also exists a decreasing sequence of positive real num- 
bers {A n }^ =0 , which converges to and such that e a (A n+1 ,+oo) >- 
e a (A n , +00) for all n > 0. To this end, it is sufficient to show that for 
every A > the inequality e a (t, +00) ~ e a (A, +00) for all t G (0, A) 
does not hold. Suppose the opposite, and let a scalar A be such that 
for all t G (0, A), we have e a (t, +00) ~ e a (A, +00). Then we have 
e a (A/(A; + 1), X/k] < e a (X/(k + 1), +00) ~ e a (A, +00) for every k > 1, 
that is e a (A/ (k+1), X/k] ^ e a (A, +00) and so by Lemma[3](i), it follows 

00 

e a (0, A] = e a (X/(k + 1), X/k] d e a (A, +00). 

k=l 

However, this contradicts our initial assumption that e a (0, A] >- e a (A, +00). 
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Now, we are well equipped to proceed with the construction of the 
sequences {p„}£° =0 , {q n }n=o- 

Suppose the projections p ,...,p n ; q ,...,q n have already been con- 
structed. Set 

n n 

p n+1 = e a (A n+ i, +00) - p k ) - q k ). 

k=0 k=0 

In the case (a), all the projections pk, qk ior k < n are finite and 
e a (0, e\ n+1 ] is an infinite projection. Hence, e a (0, eX n ] YYk=o(^-~Pk) rifc=o( 1_ 
qk) is an infinite projection for all n > 1. We shall now explain to the 
reader that we are now in a position to apply Lemma H^i) and infer 
that there exists a projection q n+ \ G Ai, such that 

n n 

Pn+i ~ q n +i < e a (0, e\ n+ i] - p k ) - q k ), 

k=0 k=0 

and aq n+ i = q n +ia- To see that Lemma H^i) is indeed applicable, set 
p := e a (0,eA„ + i] nLo( 1 _ Pk) IlLol 1 _ Qk) and q := p n+1 . Observe, 
that here p is infinite and q is finite, in particular p y q. The role of 
finite projections p m 's from that lemma is then played by the sequence 
{e a (l/m,£:A n+ i)} m >i. Observe that e a (l/m, e\ n+1 ) |m e a (0,eA n+ i) 
and this sequence obviously commutes with the operator a. This com- 
pletes the construction in the CcLSG (el)* 

Now let us consider the cases (b) and (c). Since p k < e a (Afc,+oo), 
we have 

n n n 

^Pk= \J Pk < \J e a (X k , +00) = e a (A n , +00) 



k=0 k=0 k=0 



and so 



^Pk < e a (X n ,+oo) -< e a (A n+ i,+cx)), n > 1. 

k=0 

Since, q k ~ p k -< e a (A n+ i, +00) for all k — 0, 1, 2, . . . n, we obtain, via 
an application of Lemma |3] (ii), that 

n n 

/.Pk + y^gfc -< e a (A n+ i, +00). 

fc=0 k=0 

We shall now explain that it easily follows from the preceding estimate 
that the projection 

n n 

p n+ i = e a (A n+ i, +00) - p k ) - q k ) 

k=0 k=0 
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is infinite. Indeed, assume for a moment that the projection e a (A n+ i, +00) [1- 
VLoPfc v Vfe=o#fc] is fi nite - I n tnis case, p n+1 -< e°(A n+ i, +00) and so 
e a (A n+ i,+oo) = e a (\ n+1 , +oo)[\fl =0 p k y\fl =0 q k }+p n+1 -< e a (\ n+1 ,+oo) 
(Lemma [3] (ii)). This contradiction shows that the assumption just 
made is false. 

Now, by Lemma [3] (iv), we first deduce that 

Pn+i ~ e a (A n+ i,+oo), 

next, by the assumption of Lemma [5j we have 

e a (A n+ i,+oo) < e a (eA„ +1 ,+oo) -< e a (0,eA n+1 ], 

and finally, again by Lemma [3] (iv) 

n n 

e a {0, e\ n+l ] ~ e a (0, eX n+1 ] JJ(1 - p k ) JJ(1 - q k ). 

k=0 k=0 

Thus, 

n n 

Pn+1 -< e a (0, e\ n+1 ] JJ(1 - p k ) JJ(1 - q k ). 

k=0 k=0 

and therefore, it follows from Lemma H(ii) , that there exists 

n n 

P{M) 3q n+1 <e a (0,e\ n+1 } JJ(l-p fc ) l[(l-q k ), 

fc=0 fc=0 

such that q n+1 ~ p n+1 and ag n+i = g n+ ia. 

Thus the projections p n +i and g n+1 are defined and so the construc- 
tion of the sequences {p n }^L , {q n }^L is also completed for the cases 
of (b) and (c). 

It is clear from the construction that for all these sequences the 
conditions (i) and (ii) hold. To see that the condition (iii) also holds, 
we first make the claim that 

n n 

e a (-oo, 0] + e a (A„, +00) < \J p k V \J q k , n > 1. 

k =o k =o 

To see that the estimate above indeed holds, observe that by the con- 
struction, we have e a (— 00, 0] < q and that by the definition p n+ i : = 
e a (A n+ i, +00) [1 - VLoPfc v VLo<7fc]- Therefore \fl =0 Pk V VLo<?fc v 
Pn+i > e a (A n+ i, +00) for all n > 1 which completes the justification of 
the claim above. Now, running n — > 00 we arrive at the condition (iii). 

Now, we can proceed with the construction of the unitary operator 
u e G M. from the assertion. 
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Let v n G M. be a partial isometry such that v*v n = p n , v n v* = 
q n , n = 0, 1, .... We set 

oo oo 

U £ = XX + XX 

n=0 n=0 

(here, the sums are taken in the strong operator topology). Then, we 
have 

oo oo oo oo 

u*u £ = ^2p n + ^2q n = 1, u £ u* = ^2q n + ^2p n = l. 

71=0 n=0 n=0 n=0 

Observe that 

u £ Pn = q n Uei u £ q n = p n u £ , ap n = p n a, q n a = aq n , n > 0, 

and so the element u*au £ commutes with all the projections p n and q n , 
n > 0. Moreover, since for all n > 0, it holds 

ap n = ae a (A„, +oo)p n > A n ,e a (A„, +oo)p n = \ n p n , 

aq n = ae a (-oo,eA n )g n < e\ n e a (-oo, e\ n )q n = e\ n q n 

we obtain immediately for all such n's 

u*au £ p n = u*aq n u £ < e\ n u* £ q n u £ = e\ n p n , 

u*au £ q n = u*ap n u £ > X n u*p n u £ = X n q n . 

In particular, {u* £ au £ - a)p n < eX n p n - X n p n = -A n (l - e)p n < 0. 
Taking into account that ap n > X n p n , we now obtain 



\u* £ au £ - a\p n = (a - u*au £ )p n > ap n - eX n p n 
> ap n - eap n = (1 - e)ap n 
= (1 - £)|a|p re . 

Analogously, for every n > 0, we have (u*au £ — a)q n > X n q n — eX n q n = 
(1 — e)X n q n > 0. Therefore, 

\u* £ au £ - a\q n = (u* £ au £ - a)q n > (1 - e)X n q n 

> (1 - e)aq n . 

Observe that the inequalities above hold for all n > 0. If n > 0, then 
q n < e a (0,eA n ], q n a = aq n by the construction and so aq n = \a\q n , that 
is we have 

\u*au £ - a\q n > (1 - e)\a\q n . 
A little bit more care is required when n = 0. In this case, recall that 
<7o = e a (— oo,0] +<7o, where ql < e a (0,5A ]. Obviously, ae a (— oo,0] < 
0, and so ae a (— oo,0] = — |a|e a (— oo, 0]. Therefore since (see above) 
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u* £ au £ q$ > Xoqo and ago = ae a (— oo, 0] + aq^ = — |a|e a (— oo, 0] + ag^, we 
have 

\u*au e — a\qo > (u*au £ — a)q > Xoqo — «gd + He a (— oo, 0] 

> A go - e^oq] + |a|e a (-oo, 0] = (1 - e)\ q] + |a|e a (-oo, 0] 

> (1 -e)aql + |a|e a (-oo, 0] = (1 -e)|a|go + |a|e a (-oo,0] 

> (l-e)(|a|g 1 + |a|e a (-oo,0]) = (1 - e)\a\q . 

Collecting all preceding inequalities, we see that for every k > we 
have 

k k 

\u*au £ - a\ ^2(p n + q n ) > (1 - e)\a\ ^{Vn + <?«) 

n=0 n=0 

and since Y2^=o(P n + = 1 ; we conclude 

\u*au e — a | > (1 — s)\a\. 

The assertion of the lemma now follows by observing that \u*au £ — 
a\ = \[a,u E }\. □ 

The following lemma is somewhat similar to [31 Proposition 5.6] 
proved there for 7/i-factors. We however need its modification (and 
strengthening) for general jy*-factors. 

Lemma 6. Suppose that there exists A G M and projections p,q G 
P(M), such thatp, q < e a {A}, pq = and e a (— oo, X)+p ~ e a (A, +oo) + 
q. Then there exists an element u = u* G U(M), satisfying (Q. 

Proof. Set r := 1 — (e a (— oo, A) + p + e a (A, +oo) + q). Then p, g, r < 
e a {A} and so ap = Xp, aq = Ag, ar = Xr. We claim that there 
exists a self-adjoint unitary element u such that u(e a (— oo, A) + p) = 
(e a (A, +oo)+g)w, ur = r. Indeed, since e a (— oo, X)+p ~ e a (A, +oo)+g, 
there exists a partial isometry v such that v*v = e a (—oo, A) +p, vv* = 
e a (A, +oo) + g. Set « := v + + r. We have m*m = e a (— oo, A) + p + 
e a (A, +oo) + g + r = 1, mm* = e a (A,+oo) + g + e a (-oo, A) + p + r = 1, 
= v* + v + r — u. This establishes the claim. It now remains to 
verify that <^ holds. 

To this end, first of all observe that the operators a and u*au com- 
mute with the projections e a (— oo, A) + p, e a (A, +oo) + g and r. This 
observation guarantees that 

(u*au — a)(e a (— oo, A) + p) = \u*au — a|(e a (— oo, A) + p), 
(u*au - a)(e a (A, +oo) + g) = \u*au - a|(e a (A, +oo) + g) 
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and so 

\u*au - a|(e a (-oo, A) + p) = u*a(e a (\, +00) + q)u - a(e a (-oo, A) + p) 

= w*a(e a (A, +00) + q)u - Aw*(e a (A, +00) + q)u 

+ A(e a (-oo, A) + p) - a(e a (-oo, A) + p) 

= w*|a(e a (A, +00) + q)- A(e a (A, +00) + q)\u 

+ I A(e a (-oo, A) + p) - a(e a (-oo, A) +p)\ 

= u*\a - Al|w(e a (-oo, A) + p) + \a - Al|(e a (-oo, A) +p). 

and similarly 

\u*au - a|(e a (A, +00) + q) = w*a(e a (-oo, A) + p)u - a(e a (A, +00) + q) 

= w*a(e a (-oo, A) + p)u - Aw*(e a (-oo, A) + p)u 

+ A(e a (A, +00) + q) - a(e a (A, +00) + q) 

= -u*\a - Al|u(e a (A, +00) + q)-\a- Al|(e a (A, +00) + q). 

Finally, (u*au — a)r = Ar — Ar = 0, that is, \u*au — a\r = 0. We now 
obtain (CQ) as follows 



\u*au -a\ = \u*au - a\ [(e a (-oo, A) + p) + (e a (A, +00) + q) + r] 

= \u*au — a|(e a (— 00, A) + p) + \u*au — a|(e a (A, +00) + q) + \u*au — a\r 
= (u*\a - \l\u + \a- Al|)[(e a (-oo, A) + p) + (e a (A, +00) + q) + r] 
= u*\a — Xl\u + I a — Al|. 

□ 

The following lemma is well known. We include a short proof for 
convenience. 

Lemma 7. Let I be an arbitrary ideal in an arbitrary W* -algebra A. 
Then x G / <^ \x\ G / <^ x* G /. Furthermore, if0<x<y£l, then 
x e I. 

Proof. If x G / and x = u|a;| is polar decomposition of x, then |x| = 
v*x G / and x* = \x\v* G I. 

Let x, y G ^4, < x < y G I. In this case there exists an element 
z G A, such that x 1/2 = zy 1 / 2 g| Ch.ll, Lemma 2]. Then x 1/2 = 
(x 1 / 2 )* = y 1 / 2 z * and x = x 1/2 x 1/2 = zy 1/2 y 1/2 z* = zyz* el. □ 

We are now fully equipped to prove Theorem [TJ 

Proof of Theorem Q]. We concentrate first at proving assertions (i) and 
(ii) of of Theorem [TJ Let us consider the splitting of the set M of all 
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real numbers into the following pairwise disjoint subsets: 



A 



A 



A, 



+ 



o 



{AGl: e a (-oo,A) -< e a (A,+oo)}, 
{AGl: e a (-oo,A) ~ e a (A,+oo)}, 
{AGl: e a (-cx),A) >- e a (A,+cx))}. 



If A 7^ 0, then the assumptions of Lemma [6] hold for all A £ A . Thus 
in this case for a, the assertion (i) of Theorem [1] follows immediately 
from that lemma and hence the assertion (ii) of that Theorem trivially 
holds as well. 

In the rest of the proof, we shall assume that Ao = 0. 
Note that if A £ A_ and \i < A, then 



that is, fi £ A_. The analogous assertion for A + is proved similarly. 
These observations immediately imply that A_ and A + are connected 
subsets in K and so for all A_ £ A_ and A + £ A + , we have A_ < 
A + . We shall now show that both sets A_ and A + are nonempty. 
Suppose for a moment that A_ = 0. Since a £ Sh(M) there exists 
some Ai > 0, such that all projections e a (— oo,/x) for /i < — Ai and 
e a (fi, +oo) for fi > Ai are finite, and e a (— oo,/i) — > as fi — > — oo 
and e a (/i, oo) — > as fi — > oo. Let A n 1 — oo, Ai = —fi. By the 
assumption A n ^ A_ for all n > 1. Fixing n and tending to infinity 
we have e a (— oo, \ n+ k) h e a (A n+ fc, +oo) > e a (A n ,+oo). However, all 
projections e a (— oo, X n+ k) are finite and e a (— oo, A n+ ;t) | 0, therefore 
e a (A n , +oo) = for any n £ N (see [31 Lemma 6.11], ). On the other 
hand, e a (A n , +oo) j" 1. This contradiction shows that A_ ^ 0. The 
assertion A + ^ is established with a similar argument. 

Therefore, there exists such a unique Ao £ M, satisfying (— oo, Ao) C 
A_ and (Ao, +oo) C A + . 

Consider the case when both projections e a {— oo, Ao) and e a (Ao, +oo) 
are finite. Since Ao = 0, we have that these two projections are not 
pairwise equivalent. For definiteness, let us assume e a (— oo, A ) -< 
e a (A ,+oo) ( the case when e a (A ,+oo) -< e a (— oo, A ) is treated sim- 
ilarly). Then there exists r £ P(Ai), such that e a (— oo, Ao) ~ r < 
e a (Ao,+oo). If Ai is an infinite factor, then e a {Ao} is an infinite pro- 
jection. Therefore, there exists p £ P(M), such that e a (Ao, +oo) — r ~ 
p < e a {Ao}. Then the pair (a, Ao) satisfies the assumption of Lemma[6j 
Indeed, setting q = 0, we have e a (— oo, Ao) +p ~ r + (e a (Ao, +oo) — r) = 
e a (Ao,+oo), q = 0. As above this yields the assertions (i) and (ii) of 
Theorem [TJ 



e a (-oo, /i) < e a (-oo, A) -< e a (A, +oo) < e a (/i, +oo) 
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If At is a finite factor, then there exists a faithful normal trace r on 
Ai such that r(l) = 1 (that is, r is normalized) [HI §8.5]. Certainly, we 
have r(e a (-oo,A)) < 1/2 for all A G A_ and r(e a (A, +oo)) < 1/2 
for all A G A + . Therefore, by the normality of r it follows that 
r(e a (-oo, A )) < 1/2 and r(e a (A , +oo)) < 1/2. Thus if we have 
e a (— oo,Ao) ^ e a (Ao, +oo), then there exists a projection p < e a {Ao} 
such that e a (— oo, Ao) + p ~ e a (Ao, +oo). Hence in this case, both pro- 
jections e a (— oo,Ao) and e a (Ao, +oo) are finite, and (setting q = as 
above) we see that the assumption of Lemma E] holds. We note, in 
passing, that a similar argument occurred also in [TJ Corollary 2.7]. 
So, in this case again the assertions (i) and (ii) of Theorem [T] hold. 

Note that by now we have completed the proof of Theorem [1] (i) , (ii) 
for the case when Ai is a finite factor. Moreover, we have also finished 
the proof for the case when Ai is an infinite factor and both projections 
e a {— oo, Ao) and e a (Ao, +oo) are finite. 

Let us now consider the case when Ai is a purely infinite a-finite fac- 
tor. In such a factor, all nonzero projections are infinite and are equiv- 
alent to each other |17| Proposition V.1.39]. Therefore, in this case, 
we may assume that both projections e a (— oo, A ) and e a (Ao, +oo) are 
infinite or otherwise one of these projections must be 0. Our strategy is 
to show that in this case Ao 7^ 0. This would yield a contradiction with 
the assumption Ao = made earlier and would complete the proof. 

Suppose that e a (— 00, Ao) -< e a (Ao, +00) that is assume that Ao G A_. 
Then e a (— 00, Ao) = since all nonzero projections in Ai are equivalent. 
Furthermore, since for all A > Ao we have A G A + , a similar argument 
yields e a (A, +00) = for all such A's. Thus 

e a (A ,+oo) = \j e a (A,+oo) = 0, 

A>A 

and we obtain = e a (— 00, A ) ~ e a (A,+oo) = that is A G A . 
However, this contradicts our assumption that Ao = 0. The case when 
e a (— 00, Ao) >- e a (Ao,+oo) is considered analogously. This completes 
the proof of assertions (i) and (ii) of Theorem [1] for the case of a purely 
infinite a-finite factor M.. 

To finish the proof of the assertion (ii), it remains to consider the 
case of an infinite factor Ai, that is when Ai is of type 11^ or else when 
Ai is of type 1^, or else when Ai is a non-cr-finite factor of type III 
and when at least one of the projections e a (— 00, A ) and e a (A , +00) is 
properly infinite. 

In fact, it is sufficient to consider only the case when 



(3) 



e a (-oo, A ) -< e a (A ,+oo) 
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that is, Ao G A_. Indeed, if the assertion (ii) of Theorem [T] holds 
under the assumption ([3]), then the remaining case when: e a (— oo, Ao) >- 
e a (Ao,+oo) (that is, Ao G A + ) is reduced to ([3]) by substituting a for 
—a and Ao for — Ao- 

Assume now that ([3]) holds (in this case, the projection e a (Ao,+oo) 
is necessarily infinite). 

We may also further assume that the assumptions of Lemma [6] do 
not hold (otherwise, there is nothing to prove). 

We shall now show that 

(4) e a (-oc,A ] ^e a (A ,+oo). 
Suppose the contrary, that is that either 

(5) e a (-oo, Ao] = e a (A , +oo) + e a {A } >- e a (A , +oo) 
or else that 

(6) e a (-oc,A ] ~e a (A ,+oo). 

If ([6]) holds then setting p = e a {Ao}, q = 0, we have e a (— oo, Ao] = 
e a (— oo, Ao)+p we arrive at the setting when the assumptions of Lemma 
[6] hold and we are done. Suppose now that (jSJ) holds. Then by Lemma 
[21 it follows from (J3J) that there exists a projection p G P(Ai), for 
which e a (Ao,+oo) ~ e a (— oo, Ao) +p and p < e a {Ao}. However, this 
again means that the assumptions of Lemma El hold (with q — 0). This 
completes the proof of 01]). 
Our next claim is that 

(7) e a (A , A] y e a (-oo, A ] + e a (A, +oo) 
for all A > Ao- Suppose the contrary 

(8) e a (A ,A] ^e a (-oo,A ]+e a (A,+oo) 

forsomeA>A . Setting for a moment p := e a (— oo, A ]+e a (A, +oo), 1— 
p = e a (Ao, A], we rewrite (jS]) as p y 1 — p, and, thanks to Lemma El(iii), 
conclude that 

e a (-oo,A ] + e a (A,+oo) ~ 1. 

However, implies 

e a (-oo,A ] -< 1, 

and, by Lemma [SJ^ii), we obtain e a (A, +oo) ~ 1. However, for A > 
Ao we have A G A + , and so e a (— oo, A) >- e a (A,+oo) ~ 1, that is 
e a (— oo, A) >- 1 which is obviously impossible. Hence, (jSJ) fails and (|7j) 
holds. 

Now, observe that the condition ((7j) means that the element a — XqI 
satisfied the assumptions of Lemma [5j The assertion (ii) of Theorem 
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[T] now follows from that lemma. This completes the proof of the asser- 
tions (i) and (ii). 

Let us prove the final assertion of Theorem [TJ To this end, let M. be 
an infinite semi-finite a-finite factor. Fix a sequence {p n } n >i of pairwise 
disjoint finite projections pi,p 2 , ...,p n , ... such that \f^ =1 Pn = 1 (any 
maximal family of pairwise disjoint finite projections in M. is countable) 
and set 

oo 

a := 2^n _1 p n . 

n=l 

We have a = a* G M. D J 7 , where J 7 is the norm-closed ideal, generated 
by the elements x G T such that r(x) (and hence l(x)) is a finite 
projection in Ai. Moreover, the support of a, s(a), is equal to 1. 
Suppose that 

(9) \[a,u}\ > \a- Al| 

for some A G C and some u G U(M). Since [a,u] G J 7 , we have by 
Lemma[7]that also a — XI G J 7 . However, the set {a — Al : A G C} may 
contain at most one element can belong to J 7 , since J 7 is a proper ideal 
in M. (see [9j Theorem 6.8.7]). This guarantees that A = 0, that is 
\u*au — a\ = \[a,v]\ > \a\ = a. Let e + := s((u*au — a) + ), e_ := 1 — e+. 
We have e_(a— u*au)e_ > e_ae__, or equivalently, e_u*aue_ < 0. Since 
M*aw > 0, we conclude e_M*awe_ = 0, or equivalently, a 1//2 we_ = 0, 
which in turn implies aue-U* = 0. Thus, 

a = au(e + + e_)u* = aue + u*, 

in particular ue + n* > s(a) = 1 and therefore e + = 1. On the other 
hand, due to the definition of e + and the inequality \u*au — a\ > a, we 
have e + (u*au — a)e + > e + ae + , or equivalently, u*au > 2a. However, 
the preceding inequality implies that 1 = ||a|| > 2||a|| = 2 and therefore 
is false. This contradiction shows that A and u satisfying ()9]) do not 
exist. □ 

4. Applications of Theorem □ to derivations 

Recall that a derivation on a complex algebra A is a linear map 
5 : A — y A such that 

S (xy) = 5(x)y + x5 (y) , x, y G A. 

If a G A, then the map <5 a : A — » A, given by 5 a (x) = [a, x], x G A, is 
a derivation. A derivation of this form is called inner. 

Our first result here is somewhat similar (at least in spirit) to some 
results in [H1ITT1II3]. 
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Corollary 8. Let Ai be a W* -factor and I be an ideal in Ai and let 
5 : Ai I be a derivation. Then there exists an element a £ I , such 
that 5 = 5 a = [a, .}. 

Proof. Since 5 is a derivation on a jy*-algebra, it is necessarily inner 
[HI Theorem 4.1.6]. Thus there exists an element d £ Ai, such that 
= ^d(') = [d, ■]■ It follows from our hypothesis that [d, Ai] C I. 
Using Lemma we obtain [d*,M] = —[d,M]* C I* — I and 
[d k , M] C J, fc = 1, 2, where d = di + z'd 2 , d fe = d£ £ M, for A; = 1, 2. 
It follows now from Theorem [TJ that there exist scalars Ai, A2 £ R and 
Mi, ui £ U(Ai), such that | [d^, Uk] \ > l/2\dk — Afcl| for = 1, 2. Again 
applying Lemma [TJ we obtain dk — A^l £ /, for k — 1,2. Setting 
a := (di — Ail) + i(d2 — A2I), we deduce that a £ J and 5 = [a, .]. □ 

Classical examples of ideals I satisfying the assumptions of Corollary 

[H] above are given by symmetric operator ideals. 

Definition 9. If I is a *-ideal in a von Neumann algebra Af which is 
complete in a norm \\ ■ \\x then we will call I a symmetric operator ideal 
if 

(I) \\S\\x> \\S\\ for allS el, 

(2) \\S*\\ X = \\S\\ x for allS el, 

(3) \\ASB\\ X < \\A\\ ||S||2;||5|| for all S £ I, A, B e Af. 

Since X is an ideal in a von Neumann algebra, it follows from 1.1.6, 
Proposition 10 of p[| that if < S < T and Tel, then S £ X and 
\\S\\x< \\T\\x. 

Corollary 10. Let Ai be a W* -factor and I be a symmetric operator 
ideal in Ai and let 8 : Ai — > I be a self-adjoint derivation. Then there 
exists an element a £ I, such that 5 = 5 a = [a,.] and that \\a\\j < 
\\8\\m^i- 

Proof. Firstly, we observe that < 00. Indeed, we have 5 = 

5 a , a e I and therefore = \\ax — xa\\ I < \\ax\\i + \\xa\\i < 

2||a||/||x||_M, that is ||5||_a4^j < 2||a||/ < 00. 

Let now S be a self-adjoint derivation on Ai, that is 5(-) = o~d{-) = 
[d, •] for some d £ Ai, such that [d, x\* = [d, x*] for all x £ Ai. We have 
x*d* - d*x* = dx* - x*d, that is, x*(d* + d) — (d* + d)x* for all x £ Ai . 
This immediately implies 9^e(d) £ Z(Ai) and so, we can safely assume 
that 5 = 5id = [id, .], where d is a self-adjoint operator from Ai. Fix 
e > and let A £ R, u £ £ U(M) be such that 

\[d,u e ]\ > (l-e)|d-A l|. 
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The assumption on (I, || • ||) guarantees that (1 — s)\\d — Aol||/ < 
||^(w e )||/ < ||<5||x^./. Since e was chosen arbitrarily, we conclude that 
— A l||j < Setting a = i(d — \ l) completes the proof. □ 

If the von Neumann algebra M is equipped with a faithful normal 
semi-finite trace r, then the set 

£ p (Af) = {S e Af : t(\S\ p )< 00} 

equipped with a standard norm 

||S1l,c P (A0 = max{||5'|| s(jff ), t(\S\ p ) 1/p } 

is called Schatten-von Neumann p-class. In the Type / setting these 
are the usual Schatten-von Neumann ideals. The result of Corollary [H] 
complements results given in [TT1 Section 6]. 

A closely linked example is the following. Consider the ideal /C/v" 
of r-compact operators in M (that is the norm closed ideal generated 
by the projections E G P{M) with t(E) < 00). In this special case, 
the result of Corollary [10] is analogous to the classical result that any 
derivation on B(H) taking values in the ideal of compact operators on 
H can be represented as 5 a with a being a compact operator (see e.g. 
[SJ Lemma 3.2]). 

We now consider analogues of Corollary IS] for ideals of (unbounded) 
T-measurable operators. 

Corollary 11. Let KAbe a W* -factor and let Abe a linear subspace in 
S(M), such that A* = A, x E A ^ \x\ E A, 0<x<yeA^xeA. 
Fix a G S(A4) and consider inner derivation 5 = 5 a on the algebra 
S(M) given by 5(x) = [a,x], x G S(M). If 5(M) C A, then there 
exists d G A such that S(x) = [d, x\. 

Proof. Let a = a± + ia 2 , where a x = !SKe(a) and a 2 = 3m(a). We 
have 2[ai,x] = [a + a*,x] = [a,x] — [a,x*]* = A — A* C A for any 
x G M. Analogously, [02,2;] G A for any x G A4. By Theorem [T] 
there is a scalar G M and a unitary element Uk G U(A4), such that 
|[afc,Mfc]| > 1/2 1 a/t — Afcl | for k = 1,2. The assumption on A guarantees 
that afc — Afcl G A, for k = 1,2. Setting d — (ai — Ail) + i(a 2 — A2I), 
we deduce that d G A and 8 = [d, •]. □ 

Numerous examples of absolutely solid subspaces A in S(A4, r) sat- 
isfying the assumptions of the preceding corollary are given by A4- 
bimodules of 5" (A4, r). 

Definition 12. A linear subspace E of S(A4,t), is called an A4 - 
bimodule of T-measurable operators if uxv G E whenever x G E and 
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u,v G M.. If an M.-bimodule E is equipped with a (semi-) norm \\-\\ E , 
satisfying 

(10) \\uxv\\ E < \\u\\ B{H) \\v\\ B{H) \\x\\ E , xeE,u,veM, 

then E is called a (semi-) normed M.-bimodule of r -measurable oper- 
ators. 

We omit a straightforward verification of the fact that every Ai- 
bimodule of r-measurable operators satisfies the assumption of Corol- 
lary cu 

The best known examples of normed A^-bimodules of S (M., r) are 
given by the so-called symmetric operator spaces (see e.g. [TBI HJ)]). 
We briefly recall relevant definitions. 

Let L be a space of Lebesgue measurable functions either on (0, 1) 
or on (0,oo), or on N finite almost everywhere (with identification 
m— a.e.). Here m is Lebesgue measure or else counting measure on N. 
Define Sq as the subset of Lq which consists of all functions x such that 
m({|x| > s}) is finite for some s. 

Let E be a Banach space of real-valued Lebesgue measurable func- 
tions either on (0, 1) or (0, oo) (with identification m— a.e.). E is said 
to be ideal lattice if x G E and \y\ < \x\ implies that y G E and 

\\v\\e < IWU- 

The ideal lattice E C Sq is said to be symmetric space if for every 
x G E and every y the assumption y* = x* implies that y G E and 
WvWe = \\x\\e- 

Here, x* denotes the non-increasing right-continuous rearrangement 
of x given by 

x*(t) = inf{s > : m({\x\ > s}) < t}. 

If E = E(0, 1) is a symmetric space on (0, 1), then 

Loo Q E C L\. 

If E = E(0, oo) is a symmetric space on (0, oo), then 

L\ fl Lqo Q E C L\ + Lqo. 

Let a semi-finite von Neumann algebra M be equipped with a faithful 
normal semi-finite trace r. Let x G S(J\f,r). The generalized singular 
value function of x is fi(x) : t — > fit{x), where, for < t < r(l) 

Ht(x) = inf{s > | r(e |x| (s, oo) < t}. 

Let £ be a linear subset in 5 (A/", r) equipped with a complete norm 
|| • ||f. We say that £ is a symmetric operator space (on A/") if x G L 
and every y G S^A/", t) the assumption fi(y) < /j,(x) implies that y G E 
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and \\y\\s < \\ x \\s- The fact that every symmetric operator space £ is 
(an absolutely solid) .M-bimodule of S(Ai,r) is well known (see e.g. 
|16] and references therein). 

There exists a strong connection between symmetric function and 
operator spaces. 

Let E be a symmetric function space on the interval (0, 1) (respec- 
tively, on the semi-axis or on N) and let M be a type ll\ (respectively, 
I loo or type J) von Neumann algebra. Define 

E(Af,r) := {S G S(Af,r) : ^(S) G E}, \\S\\ E ^, T ) := I^IU- 

Main results of [10J assert that (E(J\f, r), || ■ ||e(^ )T )) is a symmetric 
operator space. If E — L p , 1 < p < oo, then (E(M,r), \\ ■ \\e(M,t)) 
coincides with the classical noncommutative L p -space associated with 
the algebra (A/", r). If M is a semi-finite factor, then the converse result 
is trivially true. That is assume for definiteness that M is Jioo-f actor 
and that £ is a symmetric operator space on N '. Then, 

E(0, oo) := {/ G S ((0, oo)) : /* = M*) for some x ^ £}, Wfh ■= IMU 
is a symmetric function space on (0,oo). It is obvious that £ = 
E(Af,r). 

We are now fully equipped to provide a full analogue of Corollaries 
IBlfTOl 



Corollary 13. Let A4 be a semi-finite W* -factor and let £ be a sym- 
metric operator space. Fix a = a* G S(M.) and consider inner deriva- 
tion 5 = 5 a on the algebra S(Ai) given by 8(x) = [a,x], x G S(Ai). 
If S(Ai) C £ ; then there exists d G £ such that 8{x) = [d,x]. Fur- 
thermore, H^H^-^f < oo and the element d G £ can be chosen so that 
\\d\\ £ <\\5\\ M ^e. 

Proof. The existence of d G £ such that 5(x) = [d, x] follows from 
Corollary [TT] Now, if u G U(M), then ||5(u)||£ = \\du - ud\\ £ < 
\\du\\e+\\ud\\e = 2\\d\\s. Hence, if x G Mi = {x G M : ||x|| < 1}, then 
x = Yli=i a i u i> where Ui G U(M) and \oii\ < 1 for % — 1,2,3,4, and so 
< Eli WK^h < &\\d\\ e , that is \\5\\ 
The final assertion is established exactly as in the proof of Corollary 

rjoj □ 

An interesting illustration of the result above can be obtained al- 
ready for the situation when the space E is given by the norm clo- 
sure of the subspace L\ D in the space L\ + L^. In this case, 
the space £ = E(M, r) can be equivalently described as the set of all 
x G L\ + Loo(A^, r) such that lim^oo fit(x) = 0. This space is a natural 
counterpart of the ideal JCm of r-compact operators in Ai. 



COMMUTATOR ESTIMATES IN VT-FACTORS 



21 



References 

[1] A. Ber, B. de Pagter and F.A. Sukochev, Some remarks on derivations in al- 
gebras of measurable operators, Mat. Zametki 87 (2010) No. 4, 502-513 (Rus- 
sian). English translation: Math. Notes, 87 (2010) No. 4, 475-484. 

[2] V.I. Chilin and F.A. Sukochev, Weak convergence in non-commutative sym- 
metric spaces, J. Operator Theory 31 (1994), 35-65. 

[3] A.F. Ber, B. de Pagter and F.A. Sukochev, Derivations in algebras of operator- 
valued functions, J. Operator Theory (to appear) (arxiv: 0811.0902; submitted 
10/6/2008). 

[4] J. Dixmier, Les algebres d'operateurs dans I'espace hilbertien, 2 edition, Gau- 

thier - Villars, Paris, 1969. 
[5] P.G. Dodds, T.K. Dodds and B. de Pagter, N on- commutative Banach function 

spaces, Math. Z. 201 (1989), 583-597. 
[6] P.G. Dodds, T.K. Dodds and B. de Pagter, Fully symmetric operator spaces, 

Integral Equations Operator Theory 15 (1992), No. 6, 942-972. 
[7] H. Halpern, Essential central range and selfadjoint commutators in properly 

infinite von Neumann algebras, Trans. Amer. Math. Soc. 228 (1977), 117-146. 
[8] B. E. Johnson and S.K. Parrott, Operators commuting with a von Neumann 

algebra modulo the set of compact operators, J. Funct. Anal. 11 (1972), 39-61. 
[9] R.V. Kadison and J.R. Ringrose, Fundamentals of the Theory of Operator 

Algebras II, Academic Press, Orlando, 1986. 
[10] N.Kalton and F. Sukochev, Symmetric norms and spaces of operators, J. Reine 

Angew. Math. 621 (2008), 81-121. 
[11] V. Kaftal and G. Weiss, Compact derivations relative to semifinite von Neu- 
mann algebras, J. Funct. Anal. 62 (1985), no. 2, 202-220. 
[12] E. Nelson, Notes on non- commutative integration, J. Funct. Anal. 15 (1974) 

103-116. 

[13] S. Popa and F. Radulescu, Derivations of von Neumann algebras into the 
compact ideal space of a semifinite algebra, Duke Math. J. 57 (1988), no. 2, 
485-518. 

[14] S. Sakai, C*-Algebras and W*-Algebras, Springer- Verlag, New York- 

Heidelberg-Berlin, 1971. 
[15] I.E. Segal, A non- commutative extension of abstract integration, Ann. of Math. 

57 (1953) 401-457. 

[16] F. Sukochev and V. Chilin, Symmetric spaces over semifinite von Neumann al- 
gebras, Dokl. Akad. Nauk SSSR 313 (1990), no. 4, 811-815 (Russian). English 
translation: Soviet Math. Dokl. 42 (1992) 97-101. 

[17] M. Takesaki, Theory of operator algebras I, Springer- Verlag, New York- 
Heidelberg-Berlin, 1979. 

[18] M. Takesaki, Theory of Operator Algebras II, Springer- Verlag, Berlin- 
Heidelberg-New York, 2003. 

Department of Mathematics, Tashkent State University, Uzbekistan 
E-mail address: ber@ucd.uz 

School of Mathematics and Statistics, University of New South 
Wales, Sydney, NSW 2052, Australia 
E-mail address: f.sukochev@unsw.edu.au 



